Economists have long argued that loan contracts should be indexed to remove the risks arising from fluctuations in the purchasing power of money: indexation however while eliminating one risk, substitutes another, arising from fluctuations in relative prices of goods. We present a theoretical framework which permits the relative merits of a nominal versus an indexed bond to be assessed in a general equilibrium setting. JEL Classification Numbers: D52, E31.
time, Brownian-motion version of the one-good CAPM model, in which there are price level fluctuations and in which agents can trade a nominal bond, a perfectly indexed bond and an equity contract. As Modigliani [17] pointed out, since the indexed bond permits the riskless transfer of income and since the two-fund separation theorem holds, in Fischer's model there is no trade in the nominal bond in equilibrium: with perfect indexation, an indexed bond will always drive out the nominal bond. This result, while providing a formalization of the classical argument in favor of indexation, does not provide a model that explains why in practice so few indexed loans are traded. 1 To move out of this cul de sac the analysis must be posed in the framework of a multigood model where the imperfections of indexation can be made explicit. To provide a coherent equilibrium framework, the model should in addition incorporate money, since fluctuations in the purchasing power of money are fundamentally of monetary origin; furthermore, to permit the relative benefits of nominal versus indexed bonds to be assessed, the financial markets on which agents trade should be incomplete. Thus the model we use is a variant of the two-period general equilibrium model with incomplete markets (GEI), in which the purchasing power of money depends on a (broadly defined) measure of the amount of money available for transactions, and on an index of real output. The model is sufficiently simple to permit the welfare of agents in equilibrium to be expressed explicitly as a function of the payoffs of the securities traded on the financial markets, and yet is sufficiently rich to capture some of the imperfections of indexation.
More precisely, we make assumptions on the characteristics of the economy, the agents' preferences and endowments and the security structure (described in section 2) which ensure that:
(i) the multigood model can be mapped into a purchasing power economy (essentially a one-good economy) in which there are well-defined (utilitybased) indices of the purchasing power of money and aggregate output;
(ii) an efficient equilibrium is obtained if agents can trade a bond whose purchasing power payoff is constant; (iii) if there is no such (real) riskless bond, but only a risky bond, then the loss in welfare depends on the distance (in the appropriate probability metric) of the financial market subspace from the riskless income stream; (iv) if the future payoff of a bond could be indexed on the value of a statedependent bundle of goods, then an indexed bond with a constant purchasing-power payoff could be obtained. However a bond indexed on the value of a state-independent reference bundle is imperfect, since its payoff fluctuates not only with the price level (its virtue), but also varies with changes in the relative prices of the goods (its defect).
We capture the imperfections of indexation by requiring that the reference bundle be non-contingent: this avoids relying too much on the specific structure of the model -after all when agents have preferences that are more heterogeneous than those that we consider, even a state-dependent reference bundle that leads to a perfect index does not exist -and it corresponds to the standard practice of indexation: in order that indexed contracts be enforceable, they must be indexed on officially computed price indices such as the Consumer Price Index (CPI) whose reference bundle, for reasons of practicality and credibility, is seldom changed.
The objective of the analysis is to compare two second-best situations, in which in addition to a given security structure, there is either a nominal bond which has the risks induced by fluctuations in the purchasing power of money or an indexed bond which has the risks induced by relative price fluctuations. In order to make such a comparison, we begin by studying how the welfare of agents in an equilibrium of the purchasing power economy is increased when a bond with a given payoff structure is added to an existing collection of securities (the equity contracts of firms). In general, adding a bond to an existing market structure has two effects. The first is the direct effect of increasing the span of the financial markets: this always increases the welfare of agents. The second is the indirect effect of changing spot and security prices: this can either increase or decrease agents' utilities. When the indirect effects are strong enough, they can more than offset the gains from increasing agents' trading opportunities (see Cass-Citanna [2] and Elul [4] for a complete local analysis of the combined effects). In this paper all indirect effects are absent by virtue of the specification of agents' preferences, so that introducing a bond always increases agents' utilities.
The welfare gain attributable to a bond is measured by the extent to which it reduces the riskiness of the financial market opportunity set: more precisely, the gain is measured by how much closer the financial market subspace moves to the riskless income stream. The welfare gain is expressed by a function, which we call the statistical gains function, since it depends on the statistical properties of the bond's real payoff, its standard deviation per unit of expectation and its vector of correlation coefficients with the existing securities.
A complete analysis of the properties of the gains function (Propositions 3 and 4) is the main mathematical contribution of the paper: this is a necessary preliminary for determining which type of bond (nominal or indexed) leads to higher welfare. It follows from the properties of this function that either a low variability of the bond's (real) income stream or a strong (positive or negative) correlation of its payoff with the payoffs of the other securities (or a combination of the two) permits a high proportion of the potential welfare gains to be captured: a low variability directly creates a security without much risk, while a high correlation permits a hedge portfolio of the bond and the underlying securities to reduce risk.
In the multigood economy, three groups of factors influence the real payoffs of the indexed and nominal bonds. The first are sectoral shocks which affect the relative output of the different sectors (goods) and hence the relative prices of the goods: these shocks determine the variability of the payoff of the indexed bond. The second are economy-wide shocks which affect aggregate output, and the third are monetary shocks which influence the ''amount'' of purchasing power: the ratio of these two magnitudes determines the purchasing power of money, which is the payoff of the nominal bond. In Proposition 5 it is shown that in an economy in which inflation and output are positively correlated and sectoral shocks lead to relative price fluctuations, there is a critical level of fluctuations in the purchasing power of money below (above) which the nominal (indexed) bond is preferred. Thus in the framework of this model, it is the existence of sectoral shocks, in conjunction with a relatively strong positive correlation between inflation and output, characteristic of the Phillips curve, which serve to explain the lack of indexation.
The economy
In this section we present a variant of the general equilibrium model with incomplete markets (GEI) which leads to a tractable study of the issue of indexation of nominal bonds. Consider a two-period A Y denote the vector of prices of the J 1 securities and their combined date 1 payoff matrix. The payoffs of the securities can be either real (dependent on the spot prices) or nominal (independent of the spot prices) and in both cases are denominated in units of money. When security zero is indexed (unindexed) its payoff is real (nominal). The payoffs on the remaining securities can be either real or nominal, but will be required to satisfy certain spanning conditions (Assumption S) which imply that some of these securities are real (in essence, that they be equity contracts). To simplify notation, we omit the explicit dependence of the securities' payoffs on the spot prices.
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The abstract model presented above is capable of covering many different types of financial securities, in particular, two important classes of securities which are used to finance many activities in an economy -bonds and equity contracts. Equity contracts are readily included by adapting the abstract exchange economy to represent a production economy in which firms have fixed production plans. The initial ownership of the K firms in the economy is distributed among the I agents, i k of firm k being owned by agent i. Agent i then has initial resources in the abstract economy consisting of two components
is a proxy for the agent's labor income and y k is the production plan of firm k. If the financial markets include a stock market on which the equity contract of each firm is traded, then there is a security with payoff in state s s 1;
. . . k is the agent's net trade in the k th equity contract. As a class of contracts, bonds are typically designed to be less risky than equity contracts: modulo the problem of default, a bond promises a stable nominal payoff across the states of nature, while equity contracts have payoffs which fluctuate directly with the contingencies that affect the performance of individual firms. However, the stable nominal payoff of a bond only translates into a stable real payoff if there are no fluctuations in the purchasing power of money. The fact that variations in ppm introduce risks into securities designed to be essentially riskfree has long been viewed by economists as introducing an inefficiency that should be avoided. Hence the idea that monetary policy should seek, as far as possible, to achieve a stable ppm or, if imperfections in the control of the monetary transmission mechanism or political factors make this unfeasible, that bonds should be indexed.
Our objective is to find a way of formalizing these ideas. We will not try to address the general problem of indexing a family of nominal securities. Rather, we shall focus on the benefits and costs of indexing the least risky nominal bond -namely the default-free bond. To do this, we need to give more specific structure to the characteristics of the economy -basically assumptions on agents' endowments and preferences and on the security structure which ensure that agents would really benefit from the presence of a bond with a riskless real purchasing power. We want to show that, in a multigood setting, indexing is not the universal panacea for neutralizing fluctuations in ppm that is often suggested: indexing inevitably introduces the risks of relative-price fluctuations, and in some cases these risks may exceed the risks arising from fluctuations in ppm. The first assumption places a restriction on agents' preferences which implies that spot prices are independent of the income distribution and are thus independent of agents' choices on the financial markets. This eliminates a feedback between the spot markets and the financial markets, and greatly simplifies the analysis of the model.
Assumption H:
Agents have separable-homothetic utility functions of the form 
1ÿ!1, both h and f i are increasing, strictly concave and differentiable and h is homogeneous of degree 1.
In an equilibrium, the maximum problem of each agent can be decomposed into two steps: the first is a choice of a portfolio -or equivalently, that their private sources of income (for example their wage income or their income from individually owned firms) are subject to the same shocks as the corporate sector. However we assume that the security structure is incomplete in that the subspace h V i of the pp economy does not contain and has dimension less than S ÿ 1 (there are no securities which provide direct insurance against Nominal versus indexed bondmonetary shocks and it would take more than one additional bond to complete the markets). For convenience we add two purely technical conditions: real payoff streams are non-redundant and have positive expected values.
Assumption I: (i)
. . . ;
J:
Assumption H reduces the analysis of the multigood economy EU ; ;
A; Y ;
M to the analysis of the purchasing power economy Eu; e; a; V . Under Assumptions Q; S and I, this pp economy satisfies the assumptions of the Capital Asset Pricing Model (CAPM), in which however, if a is risky (or more precisely if .
p S b, and in view of (2) and (4) i.e. those induced by underlying real shocks which affect the relative aggregate supplies of the goods. In order to explain the conditions under which the agents are better off using the nominal or the indexed bond, we need to understand how the welfare of the agents in an equilibrium depends on the characteristics of the income stream a -its variability and the way it covaries with the other securities in the economy summarized by V .
Welfare and the statistical characteristics of the bond
A geometric approach to the welfare analysis of equilibria of an economy in which agents have mean-variance preferences can be obtained using projections under the probability induced inner product on 1 S defined by x. The -projection x 3 onto W is the vector in the subspace W which lies closest to x in the -norm i.e. it solves the problem
If W is the subspace of 1 S spanned by the k linearly independent columns of an S 
W. Inserting the expression for
x i into the utility functions (5) leads to (6) . ᮀ
Since there is a sufficiently rich structure of financial securities for agents to share their endowment risks, the maximum welfare is obtained when, in addition, the riskless transfer of income is possible Since the vector proj W plays an important role in the analysis that follows, it is useful to introduce the shorthand notation W proj W and to summarize its main properties.
Proposition 2 (properties of least risky security):
The -projection W of onto W has the following properties: . Then
Welfare gains function. We want to apply Proposition 1 to a purchasing power economy Eu; e; a; V , namely a one-good economy with payoff matrix
When a changes, it alters the market subspace
and our objective is to understand how the welfare of agents varies with the ''characteristics'' of the bond a. Since in (8) , V is taken as fixed, a convenient way of analyzing how welfare depends on a is to make the comparison with the case where a is redundant
The utility of agent i at the equilibrium with market subspace V a can be written as u
V can be interpreted as the utility gain to agent i of having the bond with characteristics a. By Proposition 1, this gain can be written as
is a non-negative coefficient which is positive for all ''non-average'' agents. Since the subspace V a contains V, V. We are thus led to study the function G : 1
which we call the welfare gains function, since the utility gains to all agents are proportional to the function G: by Proposition 2, this function measures the reduction in the riskiness of the market subspace achieved by introducing the security a. This property of the model, that the utility gains of all agents are proportional to the common function G -in particular that all agents are made better off when a nonredundant bond a is added to an existing security structure V -requires some explanation.
In general, introducing a new security has two effects: the first -which we may call the direct effect -is to increase the span of the markets i.e. the trading opportunities available in the economy, and this tends to increase the welfare of the agents; the second -which we may call the indirect effect -is to change all prices, both spot and security prices, and this can either increase or decrease agents' utilities. Combining the two effects can lead to the apparently paradoxical result that introducing a new security decreases the welfare of all agents, as first shown in an example by Hart [10] . More recently CassCitanna [2] and Elul [4] have studied the case where all (and hence the indirect) effects are marginal and have shown that if the markets are sufficiently incomplete then, in a multigood economy, the combination of the two effects can lead to any possible local change in agents' utilities. In a one-good two-period model, since there are no spot prices, the security prices are the only equilibrium parameters that can change, and this reduces the range of possible changes in agents' utilities: it is not possible for all agents to loose from the introduction of a new security -typically some agents gain and some agents loose from the resulting change in the prices of the existing securities. In this paper all indirect price effects are canceled: there is no effect from spot prices because of Assumption H, and no effect from security prices because of the linear-quadratic form of the agents' utility functions, as can be seen from formula (7) for the equilibrium security prices. 3 Thus the analysis concentrates on the direct effect of changing the span of the markets and this effect is present in all economies. The analysis can thus be applied to an economy in which the price effects are sufficiently small, or it can be taken as the first half of a more complete study in which indirect effects are also explicitly taken into account.
The next step is to analyze the properties of the welfare gains function Ga: we will show that the gain depends only on the statistical properties of the income stream a and not on their lengths. Thus all these vectors can be normalized and the most natural economic interpretation is obtained by normalizing each vector so that its expected value is one. This requires that each of these date 1 payoff streams have a non-zero expected value: this is assured for v .
Proof: (See Section 5)
The next proposition describes the properties of the function g, which we call the statistical gains function, since it expresses the gain from a bond a as a function of its statistical properties For normalized bonds of a given variability , the minimum gain as a function of depends on whether the bond is less or more variable than the (normalized) least risky income stream^ in V: when < ^ the bond is less risky than any security in V and thus necessarily leads to a positive gain; when ^ then the bond will not contribute towards risk reduction if it does not permit the risks in V to be hedged.
All bonds a with the least risky security in V, regardless of their variability: for can be written as which is the intersection of R by a hyperplane in 1 J . The domain R is thus partitioned into two regions depending on the sign of the correlation coefficient between a and the least risky security Figure 1 on a common graph (figure 2) shows how the welfare gains change when the variability of the bond is increased, 6 for a given . For negative correlation
is a decreasing function for all va- 6 The fact that even a bond with very high variance can essentially provide a riskless hedge provided the magnitude of its correlation with b v is sufficiently large, comes from neglecting the non-negativity constraints on the real value of consumption in the linear-quadratic pp economy. With non-negativity constraints and no possibility of default, the feasible hedging strategies using a bond with extremely variable payoffs are much more limited and the amount of trade on the bond must go to zero for extremely high variance: for a study of the consequences of these no-bankruptcy constraints see Neumeyer [18] . . In order for s to be constant across the states, the money supply M s must be proportional to hw s or, in terms of growth rates, the rate of growth In a more realistic model in which agents do not have identical preferences for goods within each state, no such ideal reference bundle -and hence no such ideal index -exists. We invoked Assumption H to simplify the analysis of equilibrium -by factoring out the influence of the income earned by agents on financial markets on the determination of spot prices -certainly not to suggest that there is an ideal index. To capture the inherent imperfections of indexation in spite of the simplifying Assumption H, we assume that the reference bundle must be state independent. This assumption also captures the fact that in practice an index is more credible if its computation does not involve the use of a state-dependent reference bundle, since the possibility of changing the bundle as the contingencies vary opens the door to manipulations to either understate or overstate inflation, depending on the interests of the parties involved.
Since neither of the extreme cases where the purchasing power of money is constant or there exists an ideal index is likely to be met in practice, it is instructive to identify the circumstances in which one of the two types of bond -nominal or indexed -has a relative advantage over the other. This may be done by analyzing which bond creates the greater social welfare, under the assumption that only one of the two bonds is traded.
(b) Conditions under which a
N or a R is socially preferred. We want to apply the analysis of section 3 to a purchasing power economy Eu; e; a; V where a denotes either the nominal or the indexed bond and V is the matrix of payoffs on the underlying risk-sharing securities, all payoffs being expressed in purchasing power. Consider first the simplest case where V consists of a single security , then a R will be negative (positive). In view of Figure 2 , when the correlation is relatively small, the potential gain is greater when the correlation is negative than when it is positive. The risk characteristics of the nominal bond depend on the interaction between the real and the monetary sides of the economy. In the analysis that follows it is useful to distinguish two categories of economies depending on the role attributed to monetary policy: (i) Economies in which a primary objective of monetary policy is to stabilize the purchasing power of money. Most developed countries are in this category with average annual inflation lying between 1 and 15% per annum and standard deviation of the same order of magnitude. Even in these economies, there is always some variability in the purchasing power of money due to imperfections in the control of the money supply process by the Central Bank or to the fact that monetary policy must also meet other objectives such as full employment. This is the category of economies in which the absence of indexed bonds has been somewhat of a puzzle to economists.
(ii) Economies in which the money supply is used to finance government expenditure. These are typically economies in which inflation is high and very variable, the variability in inflation being due to periodic attempts to drastically lower the rate of inflation. Many less developed countries are in this category, having mean and standard deviation of inflation per annum in excess of 200%. In these economies indexation is pervasive, although nominal bonds of short-term maturity continue to be traded.
The magnitude of ^ a N is greater in economies of type (ii) than in those of type (i). As for the sign of a N , in most economies -and especially in economies of type (i) -the statistical relation between inflation and output underlying the Phillips curve, suggests that the purchasing power of money is negatively correlated with aggregate output a N < 0. The fact that nominal bonds are typically used in economies of type (i), while indexation is pervasive in economies of type (ii), can then be explained by the following proposition which is a corollary of Proposition 4. 
Proposition 5 (nominal versus indexed bond): Given
, and g
Thus in an economy which is subjected to real (sectoral) shocks there is always an interval 0; 3 of fluctuations in the purchasing power of money on which the nominal bond is preferred. This interval is larger, the greater the relative price fluctuations ^ a R and the more negative the correlation a N v between the purchasing power of money and aggregate output. The existence of sectoral shocks leading to relative price fluctuations and a relatively strong positive correlation between inflation and output may thus be two important elements which help to explain the lack of indexation in Western economies. With slight abuse of the model, the proposition can also be used to obtain insight into the bonds traded in economies with high and variable inflation. The response to high inflation is often to switch to nominal bonds of shorter maturities: such a switch reduces the uncertainty over the future ppm ^ a N , while lags in collecting data and computing indices effectively add to the inherent uncertainty of the payoff on a short-term indexed bond
. Indexation is typically introduced when certain agents (most notably the government) find it unpractical to shorten the maturity on bonds: thus in economies of type (ii), it is for medium to long-term bonds that indexation is typically used.
Proposition 5 extends in a relatively straightforward way to the case where there are many securities that generate the market subspace VJ 0 is likely to be satisfied. A qualitative analysis similar to that given for the single security case can then be made in the more realistic case J > 1 -many securities inevitably being required if the spanning Assumption S is to be a reasonable approximation.
(c) When the restriction to trading only one of the two bonds is a reasonable assumption.
The analysis in (b) was based on the assumption that only one of the two bonds is traded. We need to clarify the conditions under which this restriction is reasonable. For there can be circumstances when the correlations a N are such that agents would be much better off trading both the nominal and the indexed bond, so that restricting them to trading only one of the two securities gives an artificial result. The analysis in (b) leads to a result with explanatory power only if, when agents trade the preferred bond, augmenting their opportunity set by permitting trade in the other bond would not add much to their welfare. In such circumstances, even a small transaction cost would cancel the benefit of using the second-best bond.
To cover the two cases where the nominal (resp. indexed) bond is preferred, let a denote the preferred bond and let a 0 denote the second best bond. The market subspace when the preferred bond is used is W h V; ai and by Proposition 4, the maximum welfare gain from adding the second bond a In the case of economies of type (i), in which the nominal bond is preferred, a combination of these two reasons serves to explain why the indexed bond is not more widely used. First, if the nominal bond is negatively correlated with most of the securities V (the stocks), then diversification between the nominal bond and the stocks may permit risks to be significantly reduced, in which case is positive, then the gains from introducing a R may be close to the minimum, which is zero.
In the case of economies of type (ii) in which indexed bonds are preferred (at least for bonds with medium to long-term maturities) the nominal bond is simply too risky to be used. Given the general ''noise'' in the system, the high variability of b a N is not likely to be compensated by a high correlation with real variables. On the other hand, if neither of the bonds is traded, the assumption that only one can be traded is not restrictive: this will occur if both [11] ) indicate that high variability of inflation is typically associated with high variability of relative prices, and a tendency for trade on both nominal and indexed bonds with medium to long-term maturities to disappear.
Proof of properties of the statistical gains function
In this section we prove Propositions 3 and 4. The order of the proof will not exactly follow the statements of these propositions. It is convenient to begin by calculating the statistical gains function, namely the function g for all a 2 
1
S such that Ea which proves (iii) of Proposition 3. The exact formula for g is cumbersome and it is always more convenient to make calculations using the function which we now characterize.
Relevant domain of g. We begin by proving the sufficiency part of Proposition 3(i). which correspond to the standard deviation and vector of correlation coefficients of non-constant random variables in 1 S . R then the following system of equations has a solution:
Lemma 4: Let
Find a 2 
1
S such that
In terms of the standardized variables Since rank is strictly decreasing (resp. increasing). The expression for H as a function of ; is
